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Abstract 

We consider a stochastic optimal control problem for an heat equation with boundary noise and boundary 
controls. Under suitable assumptions on the coefficients, we prove existence of optimal controls in strong 
sense by solving the stochastic hamiltonian system related. 

Key words. Stochastic control, maximum principle, stochastic evolution equation, forward- 
backward stochastic differential system. 

1 Introduction 

In this paper we are concerned with the existence of optimal control for a stochastic optimal control 
problem related to the following stochastic heat equation, in which boundary noise and boundary 
control are allowed: 

= + b{0n'>{t,0+9{0W{t,0, t G [0,r], ^ G (Cvr), 

y(o,0 = ^(e), (1-1) 

In the above equation 14^ is a standard real Wiener process and W (r, is a space-time white noise 
on [0, T] X [0,7r]; W and W are both defined on a complete probability space {^l,T,V) and are 
independent. By {Tt, t G [0,T]} we will denote the natural filtration of {W, W), completed in the 
usual way; and {u^,u'^) are J"t-predictable square integrable processes and represent respectively 
the distributed and the boundary control. Notice that we are able to treat equations where the 
control affects all the boundary while the noise only affects one point at the boundary. 
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The problem is considered in its strong formulation, i.e. without changing the reference prob- 
abihty space {i},J-,V). The stochastic optimal control problem consists in minimizing over all 
admissible controls the following cost functional: 



■T 



/ 

Jo 



J{x,u°,u\u'^) = E 



+ E / h{ty{T,0)d^, (1.2) 







where g and h satisfies suitable assumptions specified in section 12.21 here we only mention that 
g is allowed to have quadratic growth with respect to the control, and the control processes are 
not necessarily bounded. Equation (jl.ip will be reformulated as a stochastic evolution equation in 



where B and G are as usual the multiplication operators related to b and g respectively and D and 
Di transform boundary data in elements of the domain of a suitable fractional power of {X — A), 
so that both (A — A)D and (A — A)Di are unbounded operators. Notice that equation ()1.3p can be 
considered as the model for a more general class of state equations, see section [22] for more details. 

An approach to prove existence of optimal controls is the dynamic programming principle and 
the solution, in a sufficiently regular sense, e.g. mild, of the Hamilton Jacobi Bellman (HJB in 
the following) equation related. Because of the presence of the boundary noise, the transition 
semigroup related to equation (jl.3p does not have sufficient smoothing properties, so the HJB 
equation associated cannot be solved in mild sense by a fixed point argument. The HJB equation 
is solvable in the sense of viscosity solutions, see e.g. [13], and the presence of the noise as a forcing 
term is necessary in their approach. Moreover, since in equation ()1.3p the control is not assumed to 
be in the image of G nor in the image of (A — A)Di, the HJB equations cannot be solved by means 
of backward stochastic differential equations (BSDEs in the following), see the pioneering paper 
|24j and the infinite dimensional extension in [11]. When HJB equations can be solved by means of 
BSDEs, boundary noise and boundary control problems for the heat equations are treated in [5], 
in the case of Neumann boundary conditions, and the techniques have been extended to the case 
of Dirichlet boundary conditions in [23], by using also results in [TO]. We also mention that in the 
dynamic programming approach existence of optimal controls is proved in the weak sense, since 
once the HJB equations is solved, the synthesis of the optimal contros is subject to the solution of 
the so called closed loop equation: since it is not clear the regularity of the feedback law, in many 
cases the closed lopp equation can be solved only in the weak sense. 

In [12], by extending finite dimensional techniques, existence of optimal controls in the case of 
Hilbert space valued controlled diffusions is proved in relaxed sense. In [5] existence of quasi- 
optimal controls is proved for a control problem related to a controlled state equation with dis- 
tributed control and noise via the Ekeland principle. Their setting is infinite dimensional as in the 
present paper, but they prove existence of optimal controls not in strong sense and moreover in 
the state equation no unbounded terms are allowed. On the other hand they can bypass convexity 
assumptions either on the coefficients (still very regular) of the cost functional or of the control 
space U. 

An other approach to prove existence of optimal controls is the stochastic maximum principle, 
see e.g. [T7], which provides ncessary conditions for optimality. When these conditions are also 
sufficient, existence of optimal controls can be proved by solving the related forward backward 



i7 = L2((0,7r)): 




dXt = AXt dt + [(A - A)D + B]ut dt + {\- A)Dx dWt + GdWt te [0, T] 



(1.3) 
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stochastic Hamiltonian system, see e.g. |18j . Both in [17j and in [18j the setting is finite dimen- 
sional In this paper we generalize this approach to the infinite dimensional setting. The maximum 
principle, see [2] where the boundary case is treated, provides as usual necessary conditions for 
the optimal control to be verified. Then, under suitable assumptions -see section 2.2-, one can 
show that these conditions are indeed sufficient and so the solution to the Hamiltonian system fully 
characterizes the optimal control. In our case the Hamiltonian system is the following: 

' dXt = AXt, dt + [E + B]-f{[E + B]*Yt) dt + {X - A)Di dWt + G{t, Xt) dWt 

< -dYt = A*Ytdt + ll{t,Xt)dt- ZtdWt- ZtdWt, tG[0,r] (1.4) 

^ Xo = x,Yt = -h.AXT), 

where H{t,x,u,y) := —l{t,x,u) + {[E + B]*y,u), is the hamiltonian function, and 7 : — )• C/ is 
such that H{t, x, ^{[E + B]*y),y) = infueu H{t, x, u, y). Because of the infinite dimensional setting 
and of the presence of unbounded operators, the result obtained in the solution of this infinite 
dimensional forward backward system are of independent interest. 

Indeed the solution of fully coupled forward backward systems is a difficult topic already in the 
finite dimensional case, see [T| and again [22] for examples of finite dimensional FBSDEs where 
there is no hope to get existence of a solution. 

Among the large literature in finite dimensions, see e.g. the book of 22]) we can distinguish 
two main approaches. The first approach, known as four-step schem, relies on the connections 
between SDEs with deterministic coefficients and non-linear PDEs, see the pioneering paper |21j . 
Since in infinite dimensions on the solution of the related PDE less apriori estimates are known, 
this approach seems to be not suitable for an infinite dimensional extensions: in [TJ] local existence 
for an infinite dimensional FBSDE is proved, mainly adequating the finite dimensional techniques 
introduced in [U], but global existence is not achieved. 

The second approach applies under monotonicity assumptions: different types of conditions 
have been investigated in this framework and we refer to Hu and Peng [TU], Peng and Wu |27j . 
Yong [28] and to Pardoux and Tang [25] . 

In the present paper, we solve FBSDE (|1.4|) by adapting the bridge method introduced in [TO] to 
the infinite dimensional framework: new difficulties arises because of the presence of the unbounded 
operators, and just because both the forward and the backward stochastic equations are infinite 
dimensional and an unbounded operator is applied to backward unknown Y in the forward equation 
so that one has to prove some extra regularity for Y in order to give meaning to the system in 
the space H. The regularity of the adjoint unknown is a typical task when one wants to prove 
maximum principle in infinite dimension, see |17] and |14] . in this case new difficulty arise since the 
backward equation is coupled with the forward and the whole system has to be considered. The 
linear auxiliary FBSDE we study to apply then the bridge method is 

' dXt = AXt, dt-[E + B\ [E + B]*Yt dt + 6o(t) dt + {X- A)Di dWt + G dWt 

< -dYt = A*Ytdt + Xtdt + ho{t)dt- ZtdWt- ZtdWt, t e [0,T] (1.5) 

^ Xo = x, -Yt = Xt + go, 

Unlike in jl9] . this linear auxiliary FBSDE is not immediately solvable. We notice that such 
system is the hamiltonian system associated to of an affine quadratic optimal control problem with 
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state equation 



{ 



dXt = AXt dt+[E + B]ut dt + bo{t) dt + {X - A)Di dWt + GdWt te [0, T] 
Xo = X, 



(1.6) 



and cost functional 



J{x,u) = ^E [ {\Xt + ho{t)\'' + \ut\^) dt + ^E\Xt + 90 



(1.7) 
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where bo ad /iq are suitable stochastic processes. Therefore we introduce the Riccati equation 
(deterministic) corresponding to the linear terms and a backward stochastic differential equation to 
deal with the affine terms, see section 3.2, in order to get a solution to system ()1.5p . Again, because 
of the infinite dimensional setting and of the presence of unbopunded operators, the solution and 
the regularity of this auxiliary backward stochastic differential equation is of independent interest. 
Once we prove that system (jl.5p has a unique solution, for every suitable and ho we can start 
to "build" the bridge to get a solution to our original system ()1.4p and then eventually solve our 
control problem. 

The paper is organized as follows; in section 2 we state the notations and the problem, we collect 
results on the stochastic maximum principle in the boundary case and we also prove suffiecient 
contitions for otpimality, finally we stae our main result on the existence of optimal controls; in 
section 3 we prove existence and uniqueness of a mild solution for the stochastic hamiltonian system 
by applying the bridge method to this setting and we conclude by proving the existence of optimal 
controls. 

2 Preliminaries and statement of the problem 
2.1 Notation 

Given a Banach space X, the norm of its elements x will be denoted by \x\x, or even by |x| when 
no confusion is possible. If V is another Banach space, L{X, V) denotes the space of bounded linear 
operators from X to V, endowed with the usual operator norm. Finally we say that a mapping 
F : X ^ V belongs to the class Q^{X;V) if it is continuous. Gateaux differentiable on X, and 
VF : X — )■ L(X, V) is strongly continuous. The letters H, H, K and U will always be used to 
denote Hilbert spaces. The scalar product is denoted (•,•), equipped with a subscript to specify 
the space, if necessary. All the Hilbert spaces are assumed to be real and separable; L2(S,i/) is 
the space of Hilbert-Schmidt operators from H to respectively. 

Given an arbitrary but fixed time horizon T, we consider all stochastic processes as defined 
on subsets of the time interval [0,T]. Let Q G L{K) be a symmetric non-negative operator, not 
necessarily trace class and W = (W^t)fg[o,T] be a Q- Wiener process with values in K, defined on 
a complete probability space ($7, J^, P) and W = {Wt)t<^[Q^T] be a cylindrical Wiener process with 
values in H, defined on the same probability space and independent of W. By {Ft-, t G [0, T]} we 
will denote the natural filtration of (W^, M^), augmented with the family M of P- null sets of 
see for instance for its definition. Obviously, the filtration {Tt) satisfies the usual conditions of 
right-continuity and completeness. All the concepts of measurability for stochastic processes will 
refer to this filtration. By V we denote the predictable cr-algebra on Q. x [0, T] and by B{K) the 
Borel (T-algebra of any topological space A. 

Next we define two classes of stochastic processes with values in a Hilbert space V . 
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• L'^{n X [0,T];V) denotes the space of equivalence classes of processes Y £ L'^{Q x [O^T];V) 
admitting a predictable version. It is endowed with the norm 

\Y\ = lYsl'^dsY^^. 

• Cp([t, T]; L^(r2; 5)), p S [l,+oo], t G [0,T], denotes the space of 5-valued processes Y such 
that Y : [t,T] — )• U'{Q,S) is continuous and Y has a predictable modification, endowed with 
the norm: 

^^\cv(\t,ThLP(n;S)) ^ sup E 1 1 5 

Elements of Cp{[t,T]; L'P{Q; S)) are identified up to modification. 

• For a given p > 2, Lp{il;C{[0,T];V)) denotes the space of predictable processes Y with 
continuous paths in V, such that the norm 

||y||p = (E sup lYsin'^p 

se[o,T] 

is finite. The elements of L^{^1; C([0, T]; V)) are identified up to indistinguishability. 

Given an element $ of L^{n x [0, T]; L2(H, F)) or of L^{n x [0,T]; L2{K,V)), the Ito stochas- 
tic integrals £<^{s)dW{s) and £ <^{s) dW{s), t G [0,r], are V^-valued martingales belonging to 
Lp{Q; C{[0,T];V)). The previous definitions have obvious extensions to processes defined on subin- 
tervals of [0, T] or defined on the entire positive real line M"*". 

2.2 Optimal control problem and state equation 

Let i7 be a separable real Hilbert space, and U a separable Hilbert, called the space of controls. 
We assume U a convex set and we set the space Lp{Q x [0, T]; U) the space of admissible controls, 
and we denote it by ZY. 

We make the following assumptions that we denote by (A): 

(A.l) A : D{A) C H ^ H is a linear, unbounded operator that generate a Co-semigroup {e^^}t>o 
that is also analytic and such that \e^^\L{H,H) ^ s'^*) t > for some a; G M. This means in 
particular that every X > u belongs to the resolvent set of A. 



(A. 2) B G L{U; H) and G G H) and there exist constants A > and 7 G [0, l/2[ such that 
for every s G M"*". 

(A. 3 Z) is a continuous linear operator D : U ^ D{{X — A)") for some ^ < a < 1 and A > w, see 
for instance [SU] or for the definition of the fractional power of the operator A. 

(A. 4) Di is a linear operator Di : K ^ H and there is a constant ^ < /3 < 1 such that the following 
holds: 

for some A > 0. 

Remark 2.1 Notice that Di and D can have the same structure, indeed if Di takes values in 
D{{\ — AY) and K is finite dimensional then (A. 4) holds. On the over hand, by the analiticity of 
A, also for D a similar estimate to the one for Di may follow. 
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We introduce the following class of control problems, where the state equation is 

dXt = AXt dt + [(A - A)D + B]ut dt + {\- A)Di dWt + GdWt t£ [0, T] , . 

Xo = X ^'-'^ 

From now on we will denote for semplicity (A — A)D := E 

We will seek for a mild solution to this equation, in the sense of [6], that is a (J-'t)- predictable 
process Xt, t € [0,T] with continuous path in H such that V- a.s. 

Xt = e'^x+ f e'^'-'^^[E + B]usds+ f e^'-'^^{\ - A)DidWs + f e^'-''>^G dW^, t e [0,T] 
Jo Jo Jo 

(2.2) 

The cost functional, that depends on the initial state x and the control u £U, to minimize is: 

rT 



J{x,u) =E 



/ l{t,Xt,ut)dt + m{XT) (2.3) 
Jo 



where / and h verify (B): 

(B.l) / is measurable and for all t E [0,r] and all u eU, l{t,-,u) G g^{H;R) and for all t G [0,r] 
and all x & H, l{t,x,-) £ Q^{U; M) and there is a constant A > such that: 

\l^{t,x,u)\ + \lu(t,x,u)\ < A(l + \x\h + \u\u) (2.4) 

for all t £ [0,T], X £ H and uGU. 

(B.2) the map h is continuous and convex, moreover h € Q^(H;'K) and there is a constant A > 
such that: 

\h,{x)\<A{l + \x\H) (2.5) 
for all X £ H. Moreover for some constant ci > 

{K{xi) - hx{x2),xi - X2)h < -ci\xi - X2|^, for any xi,X2 £ H (2.6) 

(B.3) the map / can be decomposed as l{t,x,u) = l^{t,x) + g{u) , where l^ and g are two convex 
functions. Moreover for some constant ci > 

{ll{t,xi) - ll{t, X2),xi - X2)h > ci\xi - X2p, for any xi,X2 £ H,t £ [0,T] (2.7) 

(B.4) for any t £ [0,T],x £ H,y £ D{E*), we define 

H{t, X, u, y) := -l{t, x, u) + {[E + B]*y, u), 

and assume that there exists a function j : H ^ U such that 

H{t,x,-f{[E + B]*y),y)= mfH{t,x,u,y). (2.8) 

We assume moreover that there exist positive constants ci and A: 

iliyi) - 7(2/2), yi - y2)H < -ci\yi - y2p, for any yi,y2 £ H (2.9) 

hiVi) - 7(2/2)^ < A|yi - y2\, for any yi,y2 £ H (2.10) 
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2.3 Heat Equation with Neumann Boundary conditions 



In this section we present a concrete stochastic control problem that we will be able to treat and we 
show how this model fits the "abstract" setting of section 12.21 We consider an heat equation on the 
interval (0, vr) with boundary noise and boundary control, and we focus our attention on the case 
where the control affects all the boundary, and the noise affects only one point at the boundary. 



{t,C) + b{Cy{t,C)+g{C)W{t,0, 



dy , ^. d'^y 

y(o,e) = x(0 

1^ ^{t,0)=u]+Wt, ||(t,vr) 



tG[0,T], eG(0,7r) 



(2.11) 



In the above equation is a standard real Wiener process and W (t,^) is a space-time white noise 
on [0,r] X [0,7r]; W and W are independent. We will give sense to the notion of solution in the 
following. 

We reformulate equation (j2.1ip as a stochastic evolution equation in H = L^(0, vr). A stands 
for the Laplace operator with homogeneous Neumann boundary conditions, which is the generator 
of an analytic semigroup in H: 



dy, 



V{A) = y G H\Q,Ti) : -^(0) = -^(vr) = 



q2 



The control process u G L^(f7 x [0, T], U) where U = L'^{0, vr) x and 



and define 



b\0 



cosh(\/A(vr — ^)) 



1,2, 



and note that they solve the Neumann problems 

So b' £ V{\ - AY = for 1/2 < a < 3/4. 
Equation 12 . 1 1 1 can now be reformulated as: 

dXt = AXt dt + [{\- A)D + B]ut dt + {\- A)Di dWt + GdWt te [0, T] 

Xq = X, 



b\0 - 
(0,vr) 

= 

= 1. 



cosh(-v/AO 
\/Asinh(yAO 



u 



u 



We fix A > 



(2.12) 



where, for u G [/ and heH,Du = {Q,b^{-)u^{-),b'^{-)u'^{-)), Di = {{),b^{-)u^{-),^), B = (6(-),0,0), 
Gh = g{-)h{-). With the notations of section [221 K = W and E = H. 

Equation (j2.12p is still formal, since (A — A)D and (A — A)Di do not take their values in H, 
the precise meaning of equation ()2.12p is given by its mild formulation. An iJ-valued predictable 
process X is called a mild solution to equation (|2.12p on [0, T] if 



\Xr\ dr < +00 
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and, for every < t < T, X satisfies the integral equation 

Xt = e*^x + /* e(*-'')^[A - A)D + B]urdr + /* e(*-'')^(A - A)Di dWr + f e^^-''^^GdWr. 
Jo Jo Jo 

Since 6* € P(A-^)" = for 1/2 < a < 3/4, and by the analyticity of the semigroup e*^, t > 0, 
the integral /q e''*~'')'^(A — A)Durdr and the stochastic integral /q e(*~'")^(A — ^)-Di are well 
defined, see also [8j. 

Notice that equation ()2.12p does not satisfy any structure condition suitable to treat the related 
stochastic optimal control problem using backward stochastic differential equations, as in [5] and 
[23) . where the case of an heat equation with Dirichlet boundary-control and boundary noise is 
considered. Notice that in the present example, differently from [S] and [53] , the control affects the 
system in and vr and the noise acts only at 0, so that Im(L') ^ Im(L'i). 

The optimal control problem we wish to treat in this paper consists in minimizing the following 
finite horizon cost 

J{xy,u\u^)=¥.f [ lis,tyis,0,u'iiO,ulu^s)d^ds + E [ hi^,y{T,0) d^, (2.13) 
Jo Jo Jo 

over all admissible controls. The cost functional ()2.13p can be written in an abstract way as in 
by setting, for s £ [0,T],x £ H,u £ U 

l{s,x,u)= l{s,(,,x{C),u'^siC),ul,uj,) h{x)=l h{£,,x{C)). 
Jo Jo 

We consider costs such that l{s, ^, y, ,v} ,u^) = F(s, ^, y) + g{^, vP ,v} , v?) so that / can be decom- 
posed as in (B.3). From IP and g we define and g as we have defined /: 

l\s,x) = rpis,txmd^ g{u)= r g{i,u\i)yy)di. 
Jo Jo 

We make suitable assumptions on F, g, h such that g and h satisfy assumptions B1-B3. 
Hypothesis 2.2 We assume that: 

1) the map h : [0, vr] x M — )• M, is measurable, for a. a. £ [0,vr] •) : M — >■ M is continuous, 
convex and differentiahle and there exists A G L°°([0,7r]) such that 

\h^{^,x)\<m{i + \x\). 

Moreover we assume that for a. a. ^ G [0, tt] h{^, •) : M — >■ M is dissipative, namely, for every 
xi,X2 G M 

m^xi) - h{tx2))ixi - X2) < -ci{xi - X2f; 
for some positive constant ci. 

2) the map F : [0, T] x [0, vr] x M M is measurable and for a.a. t£ [O.T] and ^ G [0, vr], ^, •) 
is continuous, convex and differentiahle, and there exists A G L°°([0,7r]) such that\/$, G [0,7r] 

and Vx G M 

|/S(t,e,rE)| < A(0(l + |x|). 

Moreover we assume that for a.a. t G [0, vr] and ^ G [0, vr] l^{t,S,,-) : M — )• R is dissipative, 
namely, for every xi,X2 G M 

{f{t, C, xi) - P{t, C, X2)){XI - X2) > -ci(xi - X2f; 

for some positive constant ci. 
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3) the map g : [0, vr] x M x M x M — R is measurable and for a.a. ^ G [0, vr], g{^, •, •, •) : — > M 
is continuous, convex and differentiable and there exists A G L°°([0, vr]) such that 

|5„o(e,nO,n\n2)|<A(e)(l + |u°|) 

and a constant c > such that 

\g^.i^,u'',u\u^)\<c{l + \u'\), i = l,2. 

3 Main results 

In this section we come back to the abstract formulation of the problem, introducing the scheme 
we follow to find the optimal control: first we prove the maximum principle, then we prove that 
under our assumptions the condition is also sufficient and in the end we introduce the Hamiltonian 
system to be solved. 

3.1 Mciximum principle 

Let us assume that there exists an optimal control u £ U, under hypotheses stated previously we 
have that there exists a unique mild solution X to ()2.ip corresponding to u, see for instance 0. So 
{u,X) is an optimal pair for the control problem described by ()2.ip and (j2.3p . We introduce the 
following forward-backward system, composed by the state equation corresponding to the optimal 
control u and its adjoint equation: 

' dXt = AXt, dt + [E + B]ut dt + {X- A)Di dWt + G dWt 

< -dYt = A^Yt dt + Xt) dt - Zt dWt - Zt dWt, t G [0, T] (3.1) 

^ Xo = x, YT = -h,{XT) 

Once the forward equation is solved, the adjoint equation is a backward equation depending on the 
parameter X. The existence and uniqueness of a mild solution {Y, (Z, Z)) G Lj,{Q,; C([0, T]; H)) x 
Lp([0,T] X ri;L2(H x K,H)) for such equation was firstly proved in see [IS]. We collect the 
mentioned results in this proposition: 

Proposition 3.1 Assume (A) and (B). System p.ip has a unique mild solution {X,Y, Z). More- 
over 

sup E(r - t)2(i-") \\Yt\\l,j^,. < +00 (3.2) 

Proof. The regularity result can be proved as in proposition 3.1 of |14| . □ 

Theorem 3.2 Assume (A) and (B). Let {u,X) be an optimal pair for the problem ()2.ip and ()2.3p . 

Then there exists a unique pair {Y,{Z,Z)) G L^(17; C([0, T]; i?)) x Lp([0,T] x Vl;L2{r. x K,H)) 
solution of equation ()3.ip such that: 

{Hu{t,Xt,ut,Yt),v -ut) <0, \/veU, a.e.te[0,T], F-a.s. (3.3) 

where 

H{t,x,u,p) := {{E + B)*p,u)h - lit,x,u), {t,x,u,p) £ [0,T] x H x U x D{E*), \>uj 

Proof. The result follows from theorem 4.6 of |14j taking Fx and Gx equal to zero; the presence 
of the bounded operator B does not introduce any new difficulty. The proof follows exactly in the 
same way. □ 
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3.2 Sufficient condition for optimality 

Now we present the following sufficient condition of optimality. Let us consider the forward- 
backward system (|3.ip : for any admissible control v G U there exists a solution {X,Y, (Z, Z)) we 
say then that {v,X,Y, {Z, Z)) is an admissible 4^-tuple. 

Theorem 3.3 Assume (A) and (B). Let {u, X ,Y , {Z , Z)) an admissible 4-tuple. If 

{Hu{t,Xt,ut,Yt),v-ut) <0, yveU, a.e.te[0,T], F-a.s. (3.4) 
then {u,X) is optimal for problem ()2.ip and ()2.3p . 

Proof. Let v £ U hence u + X{v — u) £ U, for all A G [0, 1]. Being the state equation affine, we 
have that xn+x{v-u) = x + AX^"", where X^'^ solves the following equation 



dX^-"" = AX^-"" dt + {E + B){vt - ut) dt 

rV- 

^0 



xr" = 0, 



that is, in mild form, 

X 



^ = [ e^'-'^^{E + B){vs-Us)ds (3.5) 
Jo 

Therefore by the convexity assumption of lo,g,h we end up with: 



J(x, n) - J{x, u + X{v- u)) =E / [l{t, Xt, ut) - l{t, Xt + XX^'"", ut + X{vt - ut))] dt 

Jo 

+ E[h{XT) - h{Xt + XX^-"")] 

<-E r X{ll{t,Xt),Xl-^)dt-¥. r X{gu{ut),vt-ut)dt 



-EA(/i,(XT),^r")- 

Now following the usual approximation strategy we multiply both equations for X'"~'^ and Y by 
n(n — A)~^ = nR{n,A) for n > A, so that the two processes X'"~^'"- — nR{n, A)X^~'^ and 
Y"" := nR{n, A)Y both admit an Ito differential: 

= {Yt'',nR{n,A)[E + B]{vt-ut))dt + {nR{n,A)ll{t,Xt),Xf-''^'')dt 

Observing that D{E*) = D{{X — A*Y~'^), we can let n tend oo and we get that: 

-¥.{K{Xt),X^-^)-E r {ll{t,Xt),Xl-'')dt = ¥. r{{vt-ut),[E + B]*Yt)dt 

Jo Jo 

Notice that 



e[ {nR{n,A)[E + B]{vt-ut),Yl')dt 
Jo 



makes sense since Y^ = nR{n, A)Yt and Yt G D{E) = D{{X - ^)^""), so also Yt"" G D{E) and also 
nR{n,A*)Yt'' G D{E). So 



E [ {nR{n,A)[E + B]{vt-ut),Yt'')dt = E [ {{vt - ut),[E + BYnR{n, A*)Yl') dt 
Jo Jo 

is well defined. Now, thanks to 13.31 taking A = 1 we get: 

J(x, u) < J(x, v), for all v gU. 



□ 
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3.3 Hamiltonian System 

Let us introduce the Hamiltonian system associated to our control problem 

' dXt = AXt,dt + [E + B]-f{[E + B]*Yt) dt + {X - A)Di dWt + G{t, Xt) dWt 

< -dYt = A^Yt dt + Xt) dt - Zt dWt - ZtdWt, te [0, T] (3.6) 

^ Xo = x,Yt = -h^iXr), 

where 7 has been defined in (|2.8p . Section 3 is devoted to prove the following result: 

Theorem 3.4 Assume (A) and (B), then there exists a unique solution {X, Y, [Z, Z) G L|,((0, T) x 
xL|,((0,r) X n;D{E)) x L'^{{0,T) x L2{E x K; H)) of the forward-backward system ([M])- 
Moreover we have that: 

sup (T - t)'~°||Ftb(E.) < +00 (3.7) 
te[o,r[ 

By the definition of the map 7 we deduce that (jdE + B]*Y) , X , Y, {Z, Z)) is an admissible 4-tuple. 

3.4 Main result 

We can now state the main result of the paper. 

Theorem 3.5 Assume (A) and (B). There exists a unique optimal pair given by the solution of 
system ()3.6p for the control problem ()2.ip and ()2.3p . 

Proof. Thanks to theorem 13.41 we have an admissible 4-tuple {'y{[E + BfY),X,Y, {Z,Z)) that, 
by definition of 7, verifies condition ()3.4p . So from theorem 13.31 we deduce the thesis. □ 

4 Proof of theorem 13.41 

System ()3.6p is an infinite dimensional fully coupled forward-backward system. Besides the diffi- 
culties typical of the finite dimensional FBSDEs, see [52], there are some additional ones due to 
the presence of unbounded operators. In particular we need to introduce the graph norm of E and 
prove some crucial estimates with respect to this stronger norm. Thanks to dissipativity hypotheses 
()2.6p , (|2.7p and ()2.9p , the more suitable method to get a solution is the bridge method used in [I9] 
whose infinite dimensional extension will be described in next paragraph. 

4.1 The bridge method applied to an infinite dimensional system 

This section is devoted to present the bridge method to solve the Hamiltonian system (|3.6p . which 
is a FBSDE in an infinite dimensional Hilbert space H. According to this method, introduced in 
|19j . in order to solve a nonlinear fully coupled FBSDE, a linear auxiliary FBSDE is studied and 
then making a sort of convex combination between the affine term in this linear FBSDE and the 
nonlinear terms in the original FBSDE it is possible to arrive at the solution of the original FBSDE. 

The main difference between the present paper and [19] is that in [19] the finite dimensional case 
is treated and so the linear auxiliary FBSDE has a very special structure and is solvable by hand; in 
the present paper, since also Y takes its values in H, the auxiliary linear affine FBSDE has a different 
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structure and it takes some efforts to be solved see section IT2l Namely, let bo, ho G L|,([0, T] x Q; H) 
and go € L?'{VL,Ft',H), consider: 

' dXt = AXt, dt-[E + B] [E + B]*Yt dt + bo{t) dt + {X - A)Di dWt + G dWt 
< -dYt = A*Yt dt + Xtdt + ho {t) dt - Zt dWt - ZtdWt, te [0, T] (4.1) 

^ Xo = x, -Yt = Xt + go 

In the next section we prove the following proposition, according to which ()4.ip admits a unique 
solution. The difficulties in solving this FBSDE comes at first by the fact that the BSDE contains 
Y itself, unlike in |19j . and by the presence of the unbounded term[£' + B][E + B]*Y. 

Proposition 4.1 Let bo, ho £ Lp{[0, T] x Q; H) and go G L^(0, Ft; H), let also A, E, B, Di and G 
satisfy assumptions (A), then the linear FBSDE ( |^. j[ ) admits a unique mild solution {X, Y, (Z, Z)) G 
L'^{n;G{[0,T];H)) x L|,(0; C([0, T]; i/)) x L^(0 x [0,T];L2{E x K;H)) satisfying moreover 

E sup (r-t)2(i-")||yi||2 _ <+oo. 

t£[0,T] 

The proof of this proposition is given in the next section. 

The aim of the present section is to prove the following result on the bridge method, in which 
the solution of the FBSDE (|4.ip is in some sense connected to the solution of the starting FBSDE 

Namely, let us define, for x e H, y e H n D(E) and for a G [0, 1], 

= a[E + BME + Bfy) + {1 - a)[E + B][E + Bf{-y) (4.2) 
h°'{t,x) = all{t,x) + (1 - a){x) 
g°'[x) = ahx{x) - (1 - a){x). 

Consider the following FBSDE. 

' dXt = AXt dt + b°'(Yt) dt + bo{t) dt + {X- A)Di dWt + G dWt 

< -dYt = A*Yt dt + h'^iXt) dt + ho{t) dt - Zt dWt - Zt dWt, t G [0, T] (4.3) 

^ Xo = x, -YT = g''{Xt) + 9o. 

This is, with a varying in [0,1], the systems that links the linear FBSDE (|4.ip to the original 
FBSDE 

Notice that, as stated in proposition 14.11 the linear FBSDE (|4.ip . which is equal to the FBSDE 
()4.3p with a = 0, admits an adapted solution satisfying moreover E sup^gjo.T] (^ ~ t)'^^^~'^^\\{E + 
i?)i^|P < +00. In the next lemma we prove that (j4.3p admits a solution. 

Lemma 4.2 Let A, E, B, Di and G satisfy assumptions (A) and 7, / and h satisfy assump- 
tions (B). Assume that for some a = ao and for any bo, ho G Lp((0,T) x ^l; H) and any 
go G L'^{Q,Ft;H) equations |^.3| ) admit a mild solution {X,Y,{Z,Z)) G Lj,{9.;C{[Q,T];H)) x 
L^(O;C([0,T];i7)) x L^(0 x [0,r];L2(H x K;H)) satisfying moreover 

E sup (r-t)2(i-")||yi||2 <+oo. 

te[o,r] 



12 



Then there exists 60 € (0, 1) depending only on constants appearing in (A) and (B) such that for 
all a G [aojOo + ^] ct^d for any feoj^o £ ^pii'^^T] x H) and any go G L?'{VL,Ft'-,H) FBSDE 
gg) admits a mild solution {X,Y,{Z,Z)) e L^(^]; C([0, T]; x C([0, T]; i?)) x L^{n x 

[0, r];L2(H X K;H)) satisfying moreover 

E sup (r-t)2(i-")||yi||2 ^^^^ 

te[o,T] 

Proof. We notice that for a = ao + 6 coefficients in (j4.2|) can be rewritten as 

= + (^[^ + BME + + (^[^ + B][E + Bfy 

h''"+^{t,x) = h'^^{t,x)+5ll{t,x)-5x 

Notice that by our assumptions it follows that for a = uq the FBSDE ()4.3p admits a mild solution. 
From this we start proving that there exists 6q G (0,1) such that for all 6 S [0, 5o]i for all 
a e [ao,ao + -^o] and for aU boM^ Lp([0,r] x Q.-H) and 50 G L'^{n,TT;H) the FBSDE g3D 
admits a unique mild solution (X, Y, {Z, Z)) G ^2,(17; C([0, T]; x ^2,(0; C([0, T]-H)) xL^^x 
[0,T];L2(S X K;H)) satisfying moreover 

E sup (r-t)2(i-")||y,||2 

te[o,T] 

We set (Z°, Z°)) = (0, 0, (0, 0)). For j > we solve iteratively the following FBSDEs 

' dXt^ = AX{+^ dt + (qo[^ + B]-i{[E + - (1 - ao)[E + B][E + 

+ [5[E + B]7([£; + BYY^^^) + + + B]*?/) dt 
+bo{t) dt + {\- A)Di dWt + G dWt 

< 

-dy/+i = + /io(t) dt + aoll{t, + (1 - ao)Xi^^ dt 

+6{f^{t, Xi) - Xi) dt - Zi^^ dWt - dWt, t G [0, T] 
^ X^+^ = X, = + 6h,{^) + 6^ + go. 

(4.4) 

Notice that by induction, and by generalizing some statements from the strong to the mild for- 
mulation, see few lines below, such a FBSDE admits a mild solution {X^+^,Y^+^, (Z^'+^ Zi+^)) G 
L'^in;C{[0,T];H)) x L^(17; C([0, T]; if)) x L'^{n x [0,T];L2(H x K;H)) satisfying moreover 

E sup (T-t)2(i-)||y/+i||^ <oo. 
te[o,T] 

Indeed, for j = I, FBSDE (133D is equal to FBSDE (g^]). So by hypothesis the solution, with the 
required regularity, exists. By induction, assume that for j a solution, with the required regularity 
exists, and we show that also for j + 1 a solution exists. By setting 60 (i) = S[E + B]'y{[E + B]*Y^) + 
6[E + B][E + + boit); ho{t) = 5{f,it, Xf) - X,"'^) + ho{t); ~go = 6h^{^) + dX^ + go, FBSDE 

(|4.4p is equal to FBSDE ()4.3p with bo, ho and go in the place of 60 5 ^0 and go respectively. This 
time bo ^ Lp{^} x [0, T];if), indeed 60 is not well defined as an element of H. Nevertheless, in the 
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mild formulation of Xt, bo appears in integral form and it is affected by the regularizing properties 
of the semigroup: the integral e^^~^^^bQ{s)ds is well defined and bounded in Lj,{^} x [0, T]; H) H 
Ll{n,C{[0,T];H)). 

So by our assumptions, Vj > 0, there exists a mild solution {X^~^^ ,Y^~^^ , {Z^~^^ , Z^~^^)) £ 
L'^{n;C{[0,T]; H))xL'^{n;C{[0,T]; H))xLl{nx[0,T]; L2{ExK; H)) satisfying moreover E supig^^^] (T- 

Next we define, for every t G [0,T], 

— ~ ^t' — ~ 

We note that F^+i, solve 

f = AXl^^ dt + ao[E + B]i^{[E + S]*y/+^) - ^{[E + B]%^)) dt 

-(1 - ao)[^ + + dt + (5[^ + + dt 

+5[E + i?](7([i? + BfY^) - ^{[E + BYYr^)) dt, 
-dY^^^ = dt + ao(/2(t, ^/^^) - Xi)) dt + {l- ao)xt^ dt 

Xi) - ll{t, X{~^)) dt - 6X{ dt - Zi^^ dWt - Z^^^ dWt, t e [0, T] 

= X, 

[ -y^+i = aoih,i^+^) - h.,{xi,)) - (1 - ao)^^+' + 5{h.{xir) - h^iXf')) + SPj,. 
We notice that by our assumption for every j, Esupigjoj^] l-^t P < +oo. 

Next we have to apply ltd formula: in order to do this we have to approximate X and Y with 
elements of the domain of A. Namely, for n > A, we denote as usual R[n, A) := (n — A)~^. We set 

= {nR{n, nR{n, A)Y^-^^ ,nR{n, A){Z^-^^,nR{n, A)Z^+^)). 

We also denote En + B„ := nR{n,A){E + B) and we note that 
solve the following 

( dX^^'^^' = AX'^^^+' dt + ao[En + BM[E + BfY,^+') - ^{[E + BfY,^)) dt 
-(1 - ao)[E.n + B.n][E + B]*y/+^ dt + 5[K + + B]*y/ (it 

+ BM[E + i3]*y/) - 7([i5 + B]*Yr')) dt, 
_^yn,i+i ^ + aoni2(n, X^t~^^) - ll{t, xi)) dt + {l- ao)Xt'^^^ dt 

+SnR{n, Xl) - ll{t, X^^)) dt - JX"'^' dt - dWt - Z^'^'^^ dWt, t G [0, T] 

-y^'^+i = aonR{n,A){h,{^-^') - h,{^)) - (1 - ao)^?''^' 
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By applying Ito formula to {X^'-'~^^, l^"''-'^^), and then integrating over [0, T] and taking expectation 
we get 

- E(X^'^+\aoni?(n,^)(/i,(X^+^) - h,{^)) - (1 - «o)X?''+' (4-5) 

- 6{nR{n,A){h^i^) - h,{Xf')) + (4.6) 

E 



Jo L 



+(1 - ao){[En + Bn][E + i;' 



/+1 ^n,j+l|2] 

+ 5E ((7([i? + B]%^) - ji[E + BfY,'~')) + [E + B]*Y^\ [E^ + i?„]*yr'^'+') 

JO 

-5E r(ni2(n,^)(/0(t,X,^)-/0(t,Xri))+Xr'^lr''+^)dt. 



Next we want to let n — )• +oo in the (j4.5p : in order to do this we need to recover at first the 
Lp(f2 X [0, T]; //)-convergence of X"'-' and of Y"'^ to X-' and of Y^ respectively. For what concerns 
X^'^ , notice that in mild form 

Xn,j+i _ ^ I" e{t-)A^^(^^(^^ ^) -I)[E + B]i^{[E + B]*Y^+') - ^{[E + B]*Y^)) dt 

Jo 

- [ e^'-''>^{l-ao){nR{n,A)-I)[E + B][E + B]*Yt^+Ut 
Jo 

+ 6 [ e^^-'^'^{nR{n,A)-I)[E + B][E + B]*Y^ dt 
Jo 

+ 6 I e^'-'^^{nR{n,A) - I)[E + B]{^{[E + - ^{[E + B]*Yt^)) dt. 

Jo 

Since e^*"*)"^ and (nR(n, A) — I) commute, we get 

[\nR{n,A) - I)e^'-'^^ao[E + B]{^{[E + 5]*^/+') - 7([^ + ^]*^/)) dt 
Jo 

- [ {nR{n,A) - I)e'^'-'^^{1 - ao)[E + B][E + BYY^^^'^ dt 
Jo 

+ 5 [ {nR{n,A)-I)e^^-'^'^[E + B][E + B]*Yi'dt 
Jo 

+ 5 [ {nR{n,A)-I)e^'-'^^[E + B]i^{[E + B]*Y/)-^{[E + B]*Yt^))dt. 
Jo 



Let us consider the first integral, for the others the same conclusion follows in a similar way. For a. a. 
s e [0,t] and for ah < t < T, and for a. a. w G f], aoe(*-*)^[^+S](7([£;+S]*y/+^)-7([E+B]*y/)) 
is an element in H and 

\aoe^'-'^^[E + B]{j{[E + B]%^+^) - j{[E + B]%^))\ < CAao{t - s)-^^-''^\[E + B]*Y,^+\ 

so that, by dominated convergence, as n — )• oo: 

E sup |X,"'^'+^-X/+^|2^0. 
tG[o,r] 
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In a similar way we can get that 



n-d+i . -Oi+i 



in Lp{il. X [0, T]; H) and moreover as n — )• oo: 



E sup (r-t)2(i-")||(y, 



a)llC\>".J+l 



-1m|2 



te[o,T] 



IZ)((A-A*)i-") 



0. 



In order to let n — )■ oo in (|4.5p we have also to show that Ksuptg[o,T](r-t)^(^"")|[-E„ + S„]*i; 
[£; + ^ as n ^ oo. Notice that, 



nj+l 



+1 



(1 - ao)(ni?(n,^) - I)X^^~^^ + 6{nR{n, A) - - + 5(ni?(n,^) - 



E^* y (5([^„ + S„]*ni?(n,A)-[^ + B]*)(/^(s,Xi)-/^(s,Xr')-'^^i)'^s- 



T 



So we can let n — )• oo in (|4.5p and we get 

- E(l^+\ao(/ix(X;^+') - /ix(X^)) - (1 - ao)X;^+') 



Jo L 



dt 



+il-ao){[E + B][E + B]Y^+\Y^+'\ 



E 



dt 



T 



+ 5E / ((7([E + B]*y/) - 7([s + + [E + s]*y/, + s]*y/+^) dt 







T 



-5E / {{ii{t,x'^^^)-ii{tar^))+xixr)dt. 

Jo 

So, by assumptions (B) we get 
min{ci,l}E|X^+^P 

< ME|X^+^| - QoCiE /"^ |[^ + - (1 - Qo)E /"'^ |[^ + 

Jo Jo 

+ (5(A + 1)E /" \[E + B]*y/||y/+^| - (aoci + 1 - ao)IE / 
Jo Jo 



dt 



T 



+ 5AE I \xt^\dt. 
Jo 

By applying Young inequalities several times we finally get 

e|x^+V + [ie/ |[£; + 5]*y/+Vdi + E / \Xl'^^\'^dt\) 
Jo Jo 

< c'((5,A,ci)E|X^|2 + c'((5,ci)E /" \[E + BYY^^'^dt + c'{6,A,ci)E [ \[E + B]*Y^^'^dt, 

Jo Jo 
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where c'((5, A,ci) and c'{S,ci) are constants depending respectively only on (5,A,ci and 6 ,ci re- 
spectively. Now notice that 

Jo 

+ (1 - ao) [ e(^-*)^[^ + B][E + S]*y/ + 5 /" e(^-*)^[E + B][E + dt 
Jo JO 

+ 6 [ e^^-'^^[E + B]{^{[E + - 7([^ + 5]*^/"')) dt. 

Jo 



So 



Jo 

+ (l-ao)^IE| / c(r-t)-(i-")|[^ + 5]*y/|dtp /■ ||e(^-*M[^ + S]|||[S + S]*y/"^)|dt|2 
Jo Jo 

+ d^E\ [ \\e^^-'^^[E + B]\\6\[E + B]*Yt^\dtf 
Jo 

<cA^alE\ [ {T-ty^^^"'^\[E + B]*Yt>\dt\'^ + c{l-aofE [ (T - /" | + B]*y/f 

Jo Jo Jo 

-cJ^El /" (r-t)-(^-°)|[S + B]*y/^^)|dt|2 + 52E| [ {T - ty^^-'^^lE + B]\\6\[E'' + B]*Y/~^\dt\'^ 
Jo Jo 



t)-2(l-°) dt 



< cA^agE sup (T - t)2(i-°)|[£; + B]*y/|2 ( /^(T - 
te[o,T] \Jo 

+ c(l-ao)^E sup (r-t)2(i-")|[S + S]*y/f /^(T-t)-2(i-")dt 
ie[0,T] VJo 

+ c52e sup (r-t)2(i-°)|[^ + B]*y/|2 ( /"^(T-t)-2(i-")(it) 

te[o,T] VJo / 

+ cJ^E sup (T - t)2(i-")|[^ + 5]*y/f f /^(T - t)-2(i-°) dt] . 
te[o,T] VJo / 

Now, arguing as in [19], proof of lemma 3.2, we get that there exists 5q € (0, 1) depending only 
ci. A, r, such that for every 6 G (0, 6o], we get 

E r \[E + B]*Y/+^\'^dt + E r \xi^^\^dt] 
Jo Jo 

E I il/pdt + E f |[E + 5]*y/f, 

Jn Jn 



on 



1 

< - 

- 4 

1 

+ - 



\{E^BXYl\'dt 

/o Jo 

E f \x{~\^dt^E r \[E + B]*Yf>~^\^dt 
.Jo Jo 



From this we deduce that (X^, y/)j>i is a Cauchy sequence in Lp(il x [0, T],H) x x [0, T],H) 
and we denote by {Xt,Yt) its limit. 

In order to prove that (x/, y/)j>i converge to {Xt, Yt) also in L|,(0, C([0, T], i^)) xL2,(0, C([0, T], F)) 
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we go to the mild formulation of the equations solved by Xl and . We start by Xl : 

Xi = e'^x + ao r e(*-^)^[^ + B]{^{[E + B]*y/) ds 
Jo 

-{1-ao) [ e^'-'^^[E + B][E + B]*Yi ds + 6 [ e^'-'^^[E + B][E + B]*YJ-Us 
Jo Jo 

+ 6 [ e^'-'^'^[E + B]{-f{[E + B]*Yj-^)ds+ f e^'-'^^bo{s) ds 
Jo Jo 

+ / e^'-''>^GdWs+ [ e'^'-''>^DidWs. 
Jo Jo 



So 

E sup 

ie[o,T] 



<alE sup I [' \\e^'-'^^[E + B]\\A\[E + B]*Yi\ds\'^ 
te[o,T] Jo 

+ {i-aofE sup (r-t)2(i-<^)|[^ + 5]*y/|2 sup f /*c(t-s)-(i-")(r-s)-(i-")(is 

+ ^2^1 sup f \\e^'-'^^[E + B]\\\[E + B]*Yj"^)\ds\'^ 
te[o,T] JO 

+ sup E| [' We'^'-'^'^IE + B]\\6\[E + B]*Yt^\ds\'^ 
te[o,T] 

<cA'^alE sup (T-t)2(i-")|[^ + B]*y/|2 sup f T c(t - s)-(i"")(r - ds) 
te[o,T] telo,T] \Jo J 

+ c{l-aofE sup (T-t)2(i-°)|[£; + S]*y/f sup ( [\{t - sy^^^'^^T - s)~^^~"'Us] 

+ c6^E sup (r-t)2(i-°)|[£; + B]*y/~^|2 sup ( f c{t - sy^^^''\T - sy^^^'^Us) 

te[o,T] te[o,T] \Jo J 

+ 6'^E sup (T-t)2(i-°)|[£; + s]*y/-^|2 sup f rc(t-s)~(i"")(r-s)-(i-")ds) 



By the previous choice of 5 we get that {X^)j>i is a Cauchy sequence in Lj,{Tl, C([0, T], i?)) so that 
X^ ^ X in L'^{n,C{[0,T],H)). For what concerns the convergence of Y^ in C([0, T], F)) 

we have first to recover the convergence of {Z^,Z^) in L|,(r2 x [0,r];L2(S x K;H)). In its mild 
formulation, y-?+^ solves the following BSDE 

y/+^ = -e(^-*)^* [aoh^iX'T^') - (1 - ao)^^+' + <5/i.(X^) + 6^ + go] (4.7) 
+ ao/ e(^-*)^*/°.(s,X^+i)ds + (l-ao) / e("-*)^*X^+i ds 

/■T _ _ 

+ 5/ e^'-'^^*ll{s,Xi)ds-6 e^'-''^^* xi ds 
Jt Jt 

- r e^'-'^^' Zi-^UWs - r e^'-'^^' Zi-'UWs + C e^'-'^^' ho{s) ds. 
Jt Jt Jt 
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Let us denote by 

ft' := aofAs,Xt') + (1 - ao)e^'-'^^' Xt' 
+ 6l°{s,Xi) ds - 6Xs + ho{s). 



Arguing as in [TB], by the extended martingale representation theorem, (see also [T7] and [30])), for 
every s e [0,r] there exists {K^ {s, ■), {s, ■) G L^{n x [0,T], L2{E, H)) x L'^{n x [0,T], L2{K, H)) 
such that VO < t < .s < T 

E^'fi = Efi + [ K^{s, 6) dWg + / K^{s, 6) dWg. 
Jo Jo 



Note that \/ 6 > s, K^{s,e) = a.e. and K^{s,e) = a.e..; and 

rT rs 



E 



Jo 



\K^{s,e)\^ + \K^{s,e)\'^ deds<4E l/ifds. 



(4.8) 



Moreover, there exists {U ,U) G LI,{VL x [0, T], L2(S, F)) x L|,(J] x [0, T], ^2(1^, i?)) such that 



E-^*F^+^ = Ey^+^ + f V{e) dwe + f V{e) dWg 

Jo Jo 



So we get 



yi+i ^ g(T-t)A^ U/i^(X^+^) - (1 - ao)xt^ + <5/i^(X^) + 



+ "0 



T 



As-t)A' 



K^{a,s)dadWs 



is-t)A* / Ja-s)A* 



k\a,s)da dWs. 
By comparing with (|4.7|) we deduce that, for almost all s G [0,r], 



zi 



,{a-.)A^ 



,(oL-s)Ai 



Kl{a, s) da, 



Ki{a, s) da. 



By the definition of {K^,K^), by estimates ()4.8p . and by previous estimates on the L^-norm of X^ 
and of it is possible to prove that (Zi, Zi) is a Cauchy sequence in Lp(il x [0, T]; L2(H x K; H)), 
and we denote by {Zg, Zg) its limit. 

We are ready to prove that — ^ y in Lp(0, C([0, T], iJ)). We can rewrite (j4.7p as 



= E-^^e(^-*)^ 



-ao/ix(^^^^) - (1 - ao)^^"^^ + Sh^iX^j.) + 



+ aoE-^* J e(^-*)^*/0(s,Xf+i)ds + (l-ao)IE-^* ^ e(^-*)^*Xf+i 

+ ,5E-^* / e('^-*)^*Z°(s,Xf )ds-5E^* / e^'-'^"^' X^ ds 
Jt Jt 



+ E 



T 



19 



so that 



E sup < c(T,^,A) |X^+^|2 + 52(1 + A2)|X^P 

^ n . . > o / 



alc{T, A, AfE [ ixi+^l"^ ds + 6^c{T, A, A)E [ jX^f ds. 
Jo Jo 



From this, again by using the previous estimates on the L^-norm of and of it is possible to 
prove that is a Cauchy sequence in C([0, T], i?)) and the claim follows. 

Finally we have to prove that Esup^g[o,T](^~^)^^^~"^ll^t|li)((A-A)i-") ^® bounded. Let a G [ao, ao + 
5]. In its mild formulation, Y solves the following BSDE 

= e^T-t)A' + (1 _ a)XT + 9o{t)] 

+ a I e^'-*^"^' {all{s,Xs) + {l-a)Xs) ds+ [ e^'-^^"^' ho{s) ds 
Jt Jt 

T _ f-T 



Notice also that 

Yt = E^^Yt = E-^'e(^-*)^* i-ah^iXT) + (1 - a)XT + 9o{T)] 

i-T _ _ 

+ E^* / e^'-'^^' {all{s,Xs) + {l-a)Xs) ds + E^' e(^-*)"^*/io(s) 
Jt Jt 



By the regularizing properties of the semigroup (e*'^)t>o, by the assumptions on E and by the 
previous mild equality satisfied by Yt we get that for every t G [0, T], Yt G T>{E) and 

E sup |(r-t)2{i-")(^ + s)*yj|2 

tG[0,T] 

< cE sup (T - + S)*e(^-*)^* [-ah^iXr) + (1 - a)XT + 5o(T)] P 

tG[0,T] 



+ cE sup (r-t)2(i-")|(E + S)* / e(^-*)^* (aZ°(s,X,) + (l-a)X,) dsp 

tG[0,T] Jt 

+ cE sup (r-t)2(i-")|(^ + B)* r e^'-'^"^* ho{s) ds\'^ = I + II + III. 
te\o,T] Jt 



te[o: 

Recall that E = (X — A)D, and D takes its values in D{X — A)°', so that also by the analyticity of 
A, we get, for every t > and every f £ H 

|e*^/|<cHi-°)|/|. 



So 



I <cE sup (1 + {Xrlf < +oo; 
iG[o,r] 



// < cE sup (T - /" (s - (1 + ds\^ 

te[o,T] Jt 

<E sup (r-t)2(i-") r {s - t)"'^^^~^Us r {l + \Xs\^) ds <+oo; 

tG[0,T] JO 

III<cE sup (r-t)2(i-")| /^|(s-t)-(i-°)/io(s)(is|2 < +00. 
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In order to conclude the proof, note also that {X, Y, {Z, Z)) is a solution to the FBSDE ()4.3p . □ 

Remark 4.3 We notice that the presence of a diffuse control is not required in our methods. Indeed, 
if B = as an auxiliary linear FBSDE we can consider 

' dXt = AXt, dt-[E + I] [E + I]*Yt dt + 6o(i) dt + {X- A)Di dWt + G dWt 

-dYt = A*Yt dt + Xtdt + ho{t) dt - Zt dWt - Zt dWt, t G [0, T] 

^ Xo = X, -Yt = Xt + go 
and we can apply the bridge method linking this FBSDE to the FBSDE 

' dXt = AXt, dt + E-i{E*Yt) dt + {X- A)Di dWt + G{t, Xt) dWt 

-dYt = A^Yt dt + ll {t, Xt)dt- Zt dWt - ZtdWt, te [0, T] 



Xn 



X, Yt = -h^iXr) 



4.2 An auxiliary LQ control problem 

This section is devoted to the solution of the affine FBSDE. Let 5o,/io £ -^|'((0i'^) ^ H) and 
go € L'^{Q,Tt', H), consider: 

' dXt = AXtdt -[E + B][E + BfYt dt + bo (t) dt + {X - A)Di dWt + G dWt 

-dYt = A^Ytdt + Xtdt + hQ{t)dt- ZtdWt- ZtdWt, tG[0,r] (4.9) 

, Xo = x, -Yt = XT + go 
This system is the Hamiltonian system corresponding to the control problem with state equation: 



dXt = AXt dt + [E + B]ut dt + bo{t) dt + {X- A)Di dWt + GdWt t£ [0, T] 

Xq = X, 



and cost functional 



J{x, u) 



l\\Xt + /io(t)P + |nt|2) dt + ^E\Xt + go\ 



(4.10) 



(4.11) 



to minimize over all u gU. We will exploit this interpretation through the control problem in order 
to solve (|4.9p . to this purpose we introduce the following Riccati equation: 



(4.12) 



{dP 
= A*Pt + PtA - Pt{E + B){E + ByPt + 1, te [0, T] 
Pt = I 

and the following backward equation, to cope with the afhne terms: 

-drt = A*rt dt - Pt{E + B){E + B)*rt dt + Ptbo{t) dt - ho{t) dt - qtWt - qt dWt, t € [0, T] 

rr = I go 

(4.13) 

We denote, as in [3], by S(-ff) the space of self adjoint linear operators in H and by Cs([0, T]; ^{H)) 
the space of all strongly continuous mappings from [0, T] to Y1{H), that is P : [0,T] — )• '^{H) such 
that for every h £ H t Pth is continuous. 

In the book [3] (part. IV, Chapter 2, Theorem 2.1), it is proved that the first equation (|4.12p has a 
solution in the space Cs,c(([0,T]; T,{H)), the set of all P G Cs([0,T]; T,{H)) such that: 
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(i) P{t)x € D{{-A*y-'^), for all x£H,t£ [0,T[, 

(ii) {-A*y~"P€C{[0,T[;L{H)), 

(iii) limt^riT - = 0, for all x£ H. 
Moreover define 

||P||i= sup ||(r-t)^-(-^*)i-"P(i)|| (4.14) 

te[o,T[ 

Cs,a{[0,T]; T,{H)), endowed with the norm 

||P|U = ||P|| + ||P||i (4.15) 

is a Banach space. We can now prove existence and uniqueness of a solution to (|4.13p . for semplicity 
we will denote the couple {q, q) as q along with the comprehensive Wiener process Wt := {Wt, Wt): 



Theorem 4.4 Assume (A) and (B) . Then equation (j4.13p has a unique mild solution {rt,q) £ 
L'^{n;C{[0,T];H)) x L^(f) x [0,T];L2(H x K-H)), moreover: 

E sup (T-t)2(i-")|rt|2 <oo. (4.16) 
te[o,r[ 

Proof. We will prove existence and uniqueness by a fixed point technique. Let us define a map 
r : y — 7- y, where 

Y:= \ {r,q) € Ll,{n;C{[0,T];H)) x L^n x {0,T]; L2{E x K; H)) :E sup (T - t)2(i-") jr^p < oo 

[ tG[0,T[ J 

such that r((r', q')) = (r, q) is the mild solution to: 

rT 



J e^'^'-^^Ps{E + B){E + B)*r'^ds + j e^*(^-*)p,6o(s) 

/ e^*^'-'^hois)ds- e^'^'-^'^qsdWs, t £ [0,T] 

Jt Jt 

(4.17) 

We will prove that: 

1) Tiir',q'))GY, 

2) for any a < 1 there exists 5 G [0, T[ that depends only on a and constants appearing in (A) 
and (B) and T such that 

\\{r\q') - {r',f)\\y, < a\\ir'\q'') - ir'^q'')\\y, (4.18) 

for some 5 > and we set 

Ys ■■={ir,q) G L|,(f]; C([r - 5, T]; F)) x L^(0 x (r-5,r);L2(H x K;H)) : 

E sup (r-t)2(i-")|(A-^*)^-%|2 < ool . ^^■'^^^ 

tG[T-5,T[ J 

The space Yg endowed with the norm: 

\\ir,q)\\h--=^ sup |n|2+E sup {T - tf^'-'^^HX - A*)'-''rt\^ +E T \qt\'' dt 
t£\T-5,T] t£\T-5,T\ JT-5 
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is a Banach space. 
Proof of statement 1 ). 

We introduce the approximating problems for /c > A: 



dt 
PJ^ = I 



A*P^ + P^A - P^{E^ + B){E^ + B)*P^ + 1, t£ [0, T] 



(4.20) 



where E'' := (A - Ay-''kR{k, A){X - with R{k, A) := {k - A^K 

From [3] we know that equation (|4.20p has a unique mild solution P^ G Cs,a{[0,T]] for 
every k and moreover the following holds, see [3j(part IV, Chapter 2, lemma 2.1) : 



limk^^P''{-)x = P{-)x mC{[0,T];H), 

limfc^oo(T- •)^-"(-A*)i-"P^X> = iT--)^-^{-A*)^~^P{-)x in Ci[0,T];H). 
Given P'^ we introduce also: 



(4.21) 



-drf = A*rf dt - Pj^{E^ + B){E^ + Bfr't dt + P^bo{t) dt - ho{t) dt - q^dWt t G [0, T] 

= go- 

(4.22) 

Existence and uniqueness of a mild solution for equation (|4.13p in L'p{Q; C {{0,T]; H)) x Lp(il x 
(0,T);L2(S X K;H)) can be deduced by [16](prop. 2.1). Now we can prove that 



E 



T 



Qtl^dt < C 

T 



E\goV (4.23) 

+ Ei^j iP^iE'' + B)iE'' + BTr'sldsy + E £ \PXis)\^ ds + E £ \ho{s)\^ ds 

The former estimate can be achieved evaluating dtlrjp and exploiting the fact that, being A* the 
generator of a contraction semigroup, {A*y,y) < io\y\'^, for any y G D{A*). Since does not 
belong to D{A*), we multiply by nR{n,A), for n > a; in order to perform the ltd formula. Let 

us set r"''^ = nR{n, A)r^ and q"''^ = nR{n, A)qf , hence: 



-dr 



n,k 



A*r^''' dt - nR{n, A)P^{E'' + B){E'' + B)*r[ dt + nR{n, A)P^ho{t) dt 



-nR{n,A)hQ{t)dt-q^'^dWt, tG [0, T] 
--nR{n,A)gQ. 



n,k 



(4.24) 



Now we can evaluate dt\r^ 



n,fc|2. 



dt\r 



n,k\2 



2{A*r'^'\r'l''') dt - 2(/,"•^ r[''''-) dt - 2(C, r[''") dWt - \qt'^\'' dt 



en,k n,k 



n,k n,k\ 



n,ki2 



(4.25) 



where 



fj^''' = nR{n, A)PfiB + E'')iB + E^fr't + 6o(i) + /io(t) 



k\^^f 



Now similarily to [K] (prop. 3.4), see also [3](lemma 3.1), we get: 



E / \q^'''fdt<CE sup |r,"''^f +E( / If^'^ldt 



n,k\2 



en,k I 



(4.26) 



where the constant C depends on constants appearing in (A) and (B) and T. Letting n tend to oo 
we obtain estimate ()4.23p . Now bearing in mind that supjgjo,r] 1-^^ I — independent of k, thanks 
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to ()4.2ip and Banach-Steinhaus theorem, we obtain that: 

E r \q^\'^dt<c\E( sup (r-s)(2-2")[|(A-^*)l-"r^|2 + |r;|2](is /"^ ^a-l^^ _ ^)2a-2 

+ E|5oP + IE r|6o(s)|'(is + IE f \h^[s)\^ds 



(4.27) 

Let us consider fe, m > w: 



/•T 



T 



We have that: 



E^* f e^'^'-*\P^{B + E^){B + E^)* -P^{B + E"^){B + E'^Yysds, 
Jo 



and, since |(A — A*Y "e^'^'liiH) < cs 



l-a. 



sup |(A- A*)^-"(rf -r™)|2 

tG[0,T[ 



<cE^* [ s'^-\P^{B + E^){B + E'')* - P{B + E){B + E)*]r',\ds 
Jo 

+ cE-^* / s''-\P!!'{B + E'^YB + E-^y - P{B + E){B + E)*]r'^\ds 
Jo 



Hence, taking into account that: 



E sup (T - s)2(i-°)|(A - A^f-'^r'f < oo, (4.28) 

sG[0,T[ 



by dominated convergence we end up with 



hm E sup (r-t)2{i-")|(A- A*)^-"(rf -r^P = (4.29) 



Similarity we have that 



hm E|(rf-rr)|^ = (4.30) 

fc,m— ^+oo 



Moreover from former calculations we have that 



|(?t-grTt^i <<^[ie(^ |[Pi=(B + E'^')(S + ^'^)*-P(S + ^)(S + E)*]r;|(is 
+ \[PP{B + ^'")(5 + E"")* - P{B + E){B + EY]r'^\ ds 

Thus, the limit processes r and q solve equation (|4.17p and we have the desired regularity. 



(4.31) 
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Now we have to prove (|4.18p . Following previous procedures, we have: 
E sup (r-t)2(i-")|(A-^*)i-"|(ri-r2)|2 

t£[T-6,T[ 

E sup \r] - r2|2 < M52(2"-i)e sup |(A - A*Y-'^{r[^ - )|2 

ie[T-5,T] t&[T-S,T[ 



and 



E 



T 



r-<5 



E 



\Pt{B + E){B + Ey{r 



t -n')\dt 



„'2m2 



t 



t€[T-S,T[ 

where the constant M depends on a and constants appearing in hypotheses (A) and (B) and 
j^^2a-i < 1 if ^ ig sufficiently small. Therefore one can repeat the procedure in [T — 25, T — 6] and 
so on in order to cover, in a finite number of steps, the whole interval [0,T]. □ 

It remains to show that if we define Yt = PfXt + rt, then y is a solution to the BSDE in the 
FBSDE M. 



Proposition 4.5 Let assumptions (A) hold true an let &o > ^0 £ 1/^(^2 x [0, T];//), go G L'^{Q;H). 
Then the FBSDE g]^ admits a unique mild solution {X,Y,{Z,Z)) G L^(0; C([0, T]; i/)) x 
L'^{n;C{[0,T];H))xL'^{nx[0,T];L2{ExK;H)) satisfying moreover Esupte[o,T]{T-tf'''^~"'^\\{E+ 



B)Ytf < +00. 



Proof. Let us denote by the solution of the Riccati equation ()4.20|) and, for j > w, by Aj := 
jR{j, A) the Yosida approximants of A. We denote by P^''' the solution of the Riccati equation 
([OO]) with Aj in the place of A: 



dPf'' 



__±_ ^ ^*pj,k ^ pj,k^ _ pj,k^-^k ^ ^ 5)*p/'^' + /, te [0, T] 

P^^ = I 



(4.32) 



By (r^, {g^ .g'^)) and by (r"'''', (5"''^, ff"'^)) we denote respectively the solution of the BSDEs (|4.22p 
and (j4.24p . Moreover we denote by X and X^ respectively the solution of 



dXt = AXtdt -[E + B][E + B]*{PtXt + rt) dt + ho{t) dt + {X - A)Di dWt + GdWt 

M = X, 
and of 

dX^ = AX^ dt - [E^ + B][E^ + B]*{P^X^ + r^) dt + 6o(t) dt + {\- A)Di dWt + G dWt 
X^ = X. 

We also set X'^'^ = nR{n, A)X^''' which is solution of 

' dXt'^ = AnX^ dt - nR{n, A)[E'' + B] [E^ + B]*{P^X'l + r'^) dt + bo{t) dt 

+nR{n, A){X - A)Di dWt + ni?(n, A)G{t, Xt) dWt 

y X^ = nR{n, A)x. 



(4.33) 



(4.34) 



(4.35) 
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By applying Ito formula to P/''^ Xj^'^ + r"''^ we get 

jj,k . ^ Yn,k pj,fc /lUR^fc _1_ RUpfc _1_ Rl* /' pfc ^fc _1_ ^'^■'i ^+ _L pi''^^ 



+ P^'^AjXj'''' dt - P^'^nR{n, A)[E'' + B] [E" + S]* [Pl^ Xf + j dt + P^;'^nR{n, A)bo{t) dt 

+ Pt^nR{n, A){\ - A)Di dWt + Pi^nR{n, A)G dWt - A*r"''' dt + nR{n, A)ho{t) dt 
+ nR{n, A)P^[E'' + B][E^ + 5]^^"''= - nR{n, A)P%{t) dt + Qt''' dWt + Qt''" dWt. 

So in mild form we get 

pj,k j^n,k ^ n,k ^ ^iT-t)A* .J^n,k ^ , ^ ^ ^(s-t)A* f j^.n,k _ n k\ 



It 



*^[Xl^'^ + nR{n,A)g^] + 
R{n, A)Psbo{s) - Pt^nR{n, A)ho{s)^ ds + j"^ e^'-^^^'j P^^^ [^jX"^'^ - ^X,"'^') ds 
- / e("-*)^i* Pt'' [E^ + B] [E'' + B]*{Pi^'' X^''' + rT'") + K''' ds 

+ / e^'-'^^*^Pi'''nR{n, A)[E'' + B][E^ + B]*{P^ X^ + r,^) ds - e^'-''^^'^ nR{n, A)hois) ds 
Jt Jt 

e("-*)^^* [pt^nR{n, A){\ - A)Di - g^'^) dWt + e^'-'^^*^ [pt^nR{n, A)G - q^'^^ dWf 

We start by letting j — )• oo. It follows by assumption (A.l) that He^^^^ || < e"^*. Keeping this in mind, 
and since r'^^^^x^'^ G ^(^) ^"^^ moreover since P^'^ is uniformly bounded in j, we get that the 

integrals j e^^^^^^i (^V,"'^' - A*r^''=) ds and j e^^-^^^^Pf'^' [AjX^^^^ - ds converge to 

as J — )■ oo. 

With similar considerations, by adding and subtracting e^*"*^^J + B][E^ + BfP^X"^'^ 

and e^'~^^^'o P^[E'' + B][E^ + BfR^X"^'^ we get that the integral j e^'~^^^'o Pt^[E^ + B][E^ + 

rT _ * 

BYpiM Xn,k converges to / e^'-'^^* P^IE'' + P] [^'^ + B]*P^ X^''' ds as j ^ oo. 

* /"^ • • 

In an analogous and simpler way we also get that / e'^''*^'^*^ P^'^nR{n, A)[E''+B][E''+B]*{P^ X^+ 

rT * 
r,^) ds converges to e^""*)^* P^nR{n, A) [E'' + B] [E'' + B]*{P^ X^ + r,^) ds. 

By adding and subtracting Pi'^nR{n, A)hQ[s) it is possible to see that 

^ e^'-^'^'^*j (nR{n,A)Psho{s) - Pi^^nR{n,A)ho{s)^ ds 

converges to e^^^^^^^ (^nR{n, A)PsbQ{s) — PgnR{n, A)bo{s)^ ds as j — )■ oo; it is immediate to 



see that / e^''~^''^*^ nR{n, A)hQ{s) ds e^^'^^^* nR{n, A)ho{s) ds as j oo.. 

Jt Jt 
For what concerns the stochastic integrals, we notice that the integrands are square integrable with 



respect to s, uniformly with respect to j. 
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So, letting j — )• oo, we get 

pk xn,k ^ ^n,k ^ ^iT-t)A* [^n,fc ^ ^^^^^ ^^^^^ 



+ 



.{s-t)A* 



nR{n,A)P^bo{s) - P^nR{n,A)bo{s)) ds 



ds 



nR{n, A)ho{s) ds 



e(^-*)^* [p^nR{n, A){\ - A)Di - q^'^'^ dWt + £ eS'^'^"^' [p^nR{n, A)G - g,"'^') dW, 



Moreover, 



^T^pk J^n,k ^ ^n,k ^ pk J^n,k ^ ^n,k 



f-T _ _ . 

e("-*)^>,^ni?(n, + ^Ji^'^ + B]*iP^ X^ + r,^) ds. 



nR{n, A)P^bo{s) - P^nR{n, A)bo{s) ) ds 

T 



ds 



,is~t)A' 



nR{n, A)ho{s) ds 



As n — )• oo, taking into account, where necessary, that ||-P^||i is bounded uniformly with respect to 
k, we get 

^Ttpk ^k ^ ^k ^ jgJ-,g(T-t)A* [^fc ^ 
+ E-^' y^e(^-*)^* [P%is) - P%{s)^ ds 
-E-^' / e("-*)^* P^[E'' + B][E^ + B]*{P^X^ + +r'',)+X^ 
+ E-^' J e("-*)^* P,^' [E'' + 5] [^'^ + B]*{P^ X^ + r^) 
= E^'eC^-*)^* [X*; + go] + E^' e^^"*)^* (Xf^ - ho{s)) ds. 



ds + E^' / e^'-'^"^* {X^ - ho{s)) ds 



Now notice that 

-Xt = e(*-^)^ ([^^ + P][£;'' + B]*{P^X^ + r|) - [£; + + B]*{PsXs + r.)) ds. 

By the convergence of P'' to P, see [3], chapter IV, section 2, lemma 2.1 and theorem 2.1, by 
adding and subtracting suitable terms and in virtue of Gronwall lemma, we get that X^ — t- X 
in L'^{n,Ci[0,T],H)). By adding and subtracting Pj" Xt we also get that P^^ Xj^ PtXt in 
Lj,{^l,C{[0,T], H)), since supjg[o,r] 1-^*^1 ^ ^ independent of k, thanks to (|4.2ip and Banach- 
Steinhaus theorem. With similar arguments we also get that (T — t)"(A — A*)^~°'Pf^ X^ converges 
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to (T - t)"(A - A*)'^-°'Pt Xt in L^{n, C([0, T],H)). With similar and simpler arguments we finally 
get 



P^X£ + n = E-^'e(^-*)^*[XT + 5o]-IE-^' / e'-'-'^^'Xsds-E^' [ e^'-'^"^' ho{s) ds 

Jt Jt 

Arguing as in |16j and as in the proof of lemma 14.21 by the extended martingale representation 
theorem, (see also [T7] and [3D])), for every s S [0,T] there exists {K{s, ■), K{s, ■), £ x 
[0,T],L2{E,H)) X L^{Q x [0,T], L2{K, H)) such that VO < t < s < T 

E^* / e("-*)^*(X, - /io(s))(is = E / e^^"*)^* (X,/io(s)) + / K{s,e)dWe+ [ K{s,e)dWe 
Jt Jt Jo Jo 

Note that V6' > s, K{s,e) = K{s,e) = a.e. and 
rT rs r- 



E 



Jo 



|i^"''^(s,0)r + |K"''^(s,^)r deds<AE \{X2'-nR{n,A)ho{s))\'ds. (4.36) 

'0 



Moreover, there exists {L,L) G L|,(17 x [0,T], L2{E, H)) x L|,(S1 x [0,T], L2{K, H)) such that 



E-^' [Xt + 5o] = HXt + go]+ [ L{6) dWO + ( 1(9) dWe- 

Jo Jo 



We deduce that by setting, for almost all s e [0, T], 



Zs = r e("-^)^^ Ks{a,s)da, = T e^""^)^^ (a, s) 

7s 7s 



da. 



By the definition of {K, K and by estimates ([OS]) , it follows that (Z^, Z^) G L|,(r2 x [0, T]; L2(H x 
K; i7)). Moreover (X, y, (Z, Z)) are a solution to FBSDE (jM]) □ 



4.3 Existence and uniqueness of the mild solution of the FBSDE 

In this section we prove theorem 13.41 by using th results in lemma 14.21 and in section 

Proof of Theorem 13.41 Existence. We follow the proof of Theorem 3.1, existence part, in 
with suitable changes due to the different framework. For a G [0, 1] consider the FBSDE 



' dXt = AXt, dt + 6°(yt) dt + ho{t) dt + {\- A)Di dWt + G dWt 

-dYt = A*Yt dt + h'^iXt) dt + ho{t) dt - Zf dWt - Zf dWt, t G [0, T] 
[ Xo = x, -YT = g''{Xt) + go 



(4.37) 



For a = the FBSDE (|071) admits a mild solution: by section we know that FBSDE 
admits a mild solution, and for a = 0, FBSDE ()4.37p coincides with FBSDE ()4.10p . By lemma 
14.21 there exists 6o such that for all a G [0, 6o] the FBSDE (|4.37|) admits a mild solution with 
the required regularity. Then, by arbitrary choice of go, Kq and go we can solve ()4.37p for a G 
[(^0)25o], [25o)3(5o], notice that 5q does not depend on a. We arrive at solving ()4.37p for a = 1, 
and again by the arbitrary choice we can make of gQ , /iq and go we have proved the existence of an 
adapted soltuion of (j3.6p {X,Y, {Z,Z)) with the required regularity. 

Uniqueness. In order to prove uniqueness we follow [19], theorem 3.1 uniqueness part, and the proof 
of lemma [^?2] in the present paper. Let, for i = 1, 2, (X*, Y^, (Z*, Z*)) be two solutions of ()3.6p . In 
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order to apply Ito formula, we have to approximate these solutions with elements in the domain of 
A, namely we set (X"'*, (Z"'*, Z"'*)) = {nR{n,A)X\nR{n,A)Y\{nR{n,A)Z\nR{n,A)Z^)), 
i = 1,2, and as in lemma HT2l e also denote En + Bn ■= nR{n, A){E + B). By applying Ito formula 
to {X^'^ — X^''^,Y^'^ — Y^'"^), and then integrating over [0, T] and taking expectation we get 

-E(X^'^ -X^'^ni^(n,A)(/l,(X^) (4.38) 

= E r{[En + BME + Bn') - ^{[E + y^'' - V'') dt 

Jo 

- E r{nR{n,A){ll{t,Xl) - ll{t, X^)), X^'' - X^'') dt 
Jo 



Next we want to let n — ?• +oo in the (|4.38|) : arguing as in lemma 221 we deudce that X"^'* — )• 
X"'* in L'^{n;C{[0,T],H)) for i = 1,2, and that Y"'* ^ Y""'' in C([0, T], iJ)) for i = 1,2 

and moreover Esupig[o,T](^ - tf^'~°'^\[E + - Y')\'^ 0, for i = 1,2. We also have 

Esuptg[o,T](r-t)2(i-°)|[^„ + B„]*y".^- [E + 5]*y»)|2 ^ O for i = l, 2. So letting n ^ oo in (08]l 
we get 

- E{X^ - xl, - K{xl)) 

= E [ {[E + B]{ji[E + B]%')-ji[E + B]%^)),Y,'-Y,')dt 
Jo 

-E [ {ll{t,Xl)-ll{t,X^),X}-X})dt. 
Jo 

So, by assumptions (B) we get 

/■^ _ _ /-T _ _ 

E\X\^-Xl\^ + E \[E + B]*{Y^ -Y^)\'^ dt + E I \YI - Y^\'^ dt < 
Jo Jo 

and so the uniqueness follows. □ 
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